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Novel ion traps that provide either a static or a dynamic magnetic gradient field allow for the
use of radio frequency (rf) radiation for coupling internal and motional states of ions, which is
essential for conditional quantum logic. We show that the coupling mechanism in the presence
of a dynamic gradient is the same, in a dressed state basis, as in the case of a static gradient.
Then, it is shown how demanding experimental requirements arising when using a dynamic gradient
could be overcome. Thus, using dressed states in a dynamic gradient field could decisively reduce
experimental complexity on the route towards a scalable device for quantum information science
based on rf-driven trapped ions.
PACS numbers: 03.67.-a, 03.67.Bg, 32.80.Qk
Experiments with atomic trapped ions have played a
leading role in the development of experimental quan-
tum information science [1–3]. Well isolated from their
environment, trapped ions are ideally suited for investi-
gating fundamental questions of quantum physics, and
are a promising candidate for quantum simulations and
scalable universal quantum computing reaching beyond
the capabilities of classical computers [4]. Internal elec-
tronic states serving as qubits are coherently prepared
using electromagnetic radiation in the optical or radio-
frequency (RF) regime, and an upper limit for the coher-
ence time of ionic qubits is set by the coherence time of
this radiation. For conditional quantum dynamics with
two or more qubits, represented by several ions confined
in the same trap or trapping region, the collective vi-
brational motion is coupled to the internal dynamics of
individual ions, thus serving as a quantum bus.
Using laser light for coupling ionic qubits via this quan-
tum bus has been standard for some decades, since only
with light in and around the visible regime the Lamb-
Dicke parameter η, measuring the coupling strength be-
tween internal and motional states [5], takes on a suffi-
ciently large value in typical traps. Driving solely a single
desired ion out of a collection of trapped ions, typically
spaced apart by a few micrometers, also required optical
radiation that can be focused down to a spot size smaller
than the inter-ion separation. In numerous experiments
laser light has been successfully used to deterministically
prepare quantum states of trapped ions, even complete
quantum algorithms [6, 7] and quantum simulations [8, 9]
have been implemented.
The complexity of experimental set-ups can be reduced
decisively, when RF radiation is used to directly drive the
ions’ dynamics instead of taking the detour of imprinting
RF signals onto optical beams and then steering these
optical beams towards trapped ions. With laser beams,
frequency-, phase-, and amplitude noise, diffraction, and
beam pointing instabilities in the optical domain pose
additional problems that can be avoided by the direct
use of RF radiation.
Using RF radiation for coupling internal and motional
dynamics becomes possible when an additional, spatially
varying field is applied to an atom trap. This can be
a static [10] or a dynamic [11] magnetic gradient field.
In both cases, an effective Lamb-Dicke parameter arises
through magnetic gradient induced coupling (MAGIC)
even upon excitation with RF radiation [12–17]. In addi-
tion, individual addressing of atoms using RF radiation
has been shown to be effective [12, 14, 16, 18–21].
When employing MAGIC for trapped ions as a compli-
mentary approach to successful research based on laser-
driven ion trap quantum logic, spontaneous emission be-
cause of the finite lifetime of qubit states, or spontaneous
scattering caused by non-resonant laser light driving Ra-
man transitions is not a concern for the coherence time
of qubits. Also, RF-based single- and multi-qubit gates
can be tolerant against thermal excitation of the ions’
vibrational motion.
Single-qubit quantum gates driven by RF radiation
have been implemented with an error well below 10−4
[22, 23], an important threshold for fault-tolerant quan-
tum computing. Using a static field gradient, a quantum
byte (eight ions) could be addressed with a measured
cross-talk between closely spaced, interacting ions in the
10−5 range [20]. MAGIC was also employed to demon-
strate two-qubit gates [13, 14, 17], three-qubit gates [24],
and opens new possibilities for quantum simulations and
quantum computation [24, 25].
In this Letter we show that the addition of either a
static or a dynamic gradient field to a Coulomb crystal
of trapped ions – in order to take advantage of MAGIC
– can be described in an equivalent way. It is shown
that the Hamiltonian in a dressed state picture, obtained
when applying a spatially varying dynamic field is iden-
tical to the case of having a static gradient field and a
spatially constant qubit driving field.
In current experiments where a dynamic gradient field
is applied, great care is taken to null the dynamic mag-
netic field at the ions’ positions and thus to retain only a
gradient of the dynamic field at this position [13, 26, 27]
in order to obtain high fidelity two-qubit gates. Here, we
show how gates using dressed states in a dynamic mag-
netic gradient could be used with a non-zero field at the
ions’ location, thus considerably simplifying the experi-
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2mental effort necessary when using the dynamic MAGIC
scheme.
Also, atomic states dressed by the dynamic gradient
field are insensitive to ambient field noise making it su-
perfluous to apply a relatively strong and stable bias field
in order to create qubits with long coherence time. In
addition, applying a dynamic field with an amplitude
gradient along the axis of weakest confinement of ions
in a linear trap becomes feasible, and, thus can enhance
the coupling strength between qubit states and motional
states. Furthermore, it is shown that long range spin-spin
coupling between dressed qubits arises useful for quan-
tum simulations and computation. Moreover, it is shown
how ions’ exposed to such a dynamic field gradient could
be addressed individually.
In what follows, we consider coupling between inter-
nal and motional states in the presence of a static or
dynamic gradient field. We recapitulate both methods
and bring them into a common representation starting
by first considering a single atom before demonstrating
the equivalence for multi-qubit systems.
Static magnetic gradient For a static magnetic gradi-
ent parallel to the z-axis, the Hamiltonian describing a
single atom with energy level spacing ~ω0 at position z
expanded up to first order in the field gradient is given
by
Hstatic =
1
2
~ω0σz +
µ
2
(B0 + zB
′)σz + ~νna†nan, (1)
with the atom’s magnetic dipole moment µ, the magnetic
field B(z) = B0 + zB
′, and the Pauli-z matrix σz. Here,
a†n and an describe the creation and annihilation oper-
ators of the vibrational mode with frequency νn. The
displacement ∆z of the ion j from its equilibrium posi-
tion zj can be written in terms of the normal vibrational
mode n
∆z = bj,nqn(an + a
†
n) (2)
with the help of the expansion coefficients bj,n (if only
a single ion is considered, then b1,1 ≡ 1). Here, qn =√
~/(2mνn) describes the atoms spatial extend. As a
consequence, Hamiltonian Eq. (1) can be rewritten as
Hstatic =
1
2
~ω(zj)σ(j)z + ~νna†nan
+ ~νnεj,n(a†n + an)σ(j)z
(3)
with the position dependent level splitting ω(zj) = ω0 +
µ(B0 + zjB
′)/~ and the coupling strength
εj,n = (µB
′bj,nqn)/(2~νn) . (4)
The interaction between a harmonically trapped atom
exposed to a static magnetic field gradient (as set out
above) and an additional electromagnetic field that drives
an atomic resonance is described by the Hamiltonian
H˜D =
~ΩD
2
(
σ˜+e
εj,n(a˜
†−a˜) + σ˜−e−εj,n(a˜
†−a˜)
)
, (5)
where we have neglected terms involving the Lamb-Dicke
parameter η = bj,nqnk, since for RF radiation, η in usual
ion traps is negligibly small. The Hamiltonian H˜D is ob-
tained from the usual trapped atom-radiation interaction
Hamiltonian HD after applying the unitary transforma-
tion H˜D = e
SHDe
−S with S = εj,n(a†n − an)σz [10].
This transformation also reveals direct interaction of
the internal degrees of freedom in the case of N ions
confined in a linear trap described by a generalization of
Eq. (1). As a consequence, the static magnetic gradient
induces a long range interaction [28, 29]
HJ = −~
2
∑
j<k
Jj,kσ
(j)
z σ
(k)
z (6)
between the ions’ internal states (henceforth referred to
as spins) with the coupling strength given by
Jj,k =
∑
n
νnεj,nεk,n. (7)
This spin-spin coupling is up to second order independent
of the motional degree of freedom and enables therefore
so called hot quantum gates.
Dynamic magnetic gradient The scheme described in
[11] allows for spin-spin coupling via a dynamic mag-
netic field with a gradient of the amplitude perpendicular
to the string of ions. When recapitulating this scheme,
we take the gradient of the magnetic field B(z, t) =
cos(ωBt)B(z) to point along the z-axis. Thus, the string
of ions is parallel to the x-axis and parallel to the elec-
trode providing the oscillating magnetic fields. In anal-
ogy to the static case, we express the position z via the
equilibrium position zj plus a small displacement ∆z and
expand the magnetic field B(z) = Bj + ∆zB
′ around zj .
In this way, we arrive at the Hamiltonian of a single ion
j coupled to the radial mode n
Hosci =
~ω0
2
σ(j)z + ~νna†nan + σ(j)x cos(ωBt)µBj
+ σ(j)x cos(ωBt)µB
′ [bj,nqn(a†n + an)] . (8)
As a consequence, the interaction Hamiltonian in the ro-
tating wave approximation is given by
Hosci,I = −~σ+(Ω0e−iδ0t+ Ωn,jane−i(δ0+νn)t) + h.c. (9)
with the detuning δ0 = ωB − ω0, the Rabi frequencies
Ω0 = Bjµ/(2~) , (10)
and
Ωn,j = B
′µbj,nqn/(2~). (11)
Similar to the static case, the coupling between internal
and motional degrees of freedom is caused by the mag-
netic gradient (Eqs. 8 and 9).
By applying two dynamic magnetic fields with equal
amplitude and opposite detuning close to the red- and
3E
z
Ω ∼ B0 + zB′
Bare states
~ω ∼ B0 + zB′
Dressed states
E
z
FIG. 1: Illustration of the transformation of a position de-
pendent strength of the driving field in a dynamic gradient
(left) into a position dependent level splitting of a dressed-
state qubit (right)
blue sideband, a spin-spin interaction can be generated
[11]. In general, a spin-spin interaction without ad-
ditional excitations via the carrier transition is desir-
able. Excitation via the carrier is suppressed due to
off-resonant excitation (detuning of the driving fields by
about νn), and it can be neglected if Ω0  νn. This leads,
together with Eq. (10), to the restriction µBj  ~νn for
the magnetic field. Typical magnitudes are νn = 2pi×106
Hz and ~/µB = 10−10 T/Hz which leads to Bj  10−4 T.
As a consequence, a high magnetic gradient and a small
absolute magnetic field strength are needed for high fi-
delity two-qubit gates. Therefore, considerable exper-
imental effort is devoted to an exact geometry of the
electrodes generating the magnetic fields and to exact
positioning of the ions [13, 26, 27].
Equivalence of static and magnetic gradient. In what
follows we show that the approach using a dynamic mag-
netic gradient is equivalent to the static gradient ap-
proach when using dressed states. For this purpose, we
transform the Hamiltonian Hosci given in Eq. (8) into the
rotating frame of the ion, resulting in
HI =
µ
2
(σ+e
−iδt + σ−e iδt)
×
{
B0 +B
′
[
zn + qjbj,n(a
†
j + aj)
]} (12)
for a single ion and a single mode.
Now, we further transform this interaction Hamilto-
nian into the dressed state picture, were the dressed
states are defined in terms of the bare atomic states |g〉
and |e〉:
|±〉 = 1√
2
(e iδt/2|g〉 ± e−iδt/2|e〉). (13)
As a consequence, the Pauli-z matrix in the dressed state
picture is given by σ
(±)
z = σ+e
−iδt+σ−e iδt. This relation
points out that the strength of the interaction between
the bare states transforms into the level splitting of the
dressed states as displayed in Fig. 1. The Hamiltonian
~νja†jaj describing the energy of the vibrational modes
is invariant under all these transformations. As a conse-
quence, the resulting Hamiltonian
Hdressed =
µBj
2
σ(±)z + ~νja
†
jaj
+
µB′bj,nqj
2
(a†j + aj)σ
(±)
z
(14)
exhibits exactly the same form as the Hamiltonian of the
static gradient field given in Eq. (3). A comparison of
both Hamiltonians leads to the identifications
ω(z) =
µBj
~
(15)
and
εj,n =
µB′bj,nqj
2~νj
. (16)
Note that using Eq. (11) we can write εj,n = Ωj,n/νj .
Discussion. The scheme proposed here – dynamical
MAGIC combined with dressed states – does not require
to null the dynamic magnetic field at the ion position.
Single-qubit gates using the dressed states |±〉 as a qubit
can be carried out by employing a resonant RF-field [30–
32]. In order to implement conditional quantum gates,
for example 2-qubit gates, the application of an RF-field
tuned (close) to resonance with a motional sideband tran-
sition between dressed states can be used [1, 17, 33, 34].
In this case, the effective Lamb-Dicke parameter, εj,n al-
lows for the necessary coupling between qubit states and
motional states [10]. Gates with dressed states in a static
field gradient have been proposed and successfully imple-
mented with high fidelity [17, 30, 32, 34].
As a concrete example for dynamic MAGIC with
dressed states we consider 171Yb+ ions exposed to a gra-
dient of B′ = 65 T/m, ν1 = 2pi×500 kHz, and a Rabi fre-
quency characterizing the RF gate field of 2pi×0.1 MHz:
according to [34] (where dressed states in a static gradi-
ent are considered), we expect a gate time of 200 µs and
a gate fidelity in the regime of 0.998.
In existing implementations of dynamical MAGIC, a
static bias magnetic field having a well defined magni-
tude is applied to a qubit resonance in order to make
it only weakly sensitive to ambient magnetic fields, and
thus enhance its coherence time [13, 23, 27, 35]. An ad-
ditional benefit from using dressed states that exist in a
non-zero dynamic gradient field would be that dressed
qubits are already resistant against dephasing by ambi-
ent noise fields [17, 30–32, 34] without application of an
accurately controlled, strong bias field. The dressed state
qubit’s coherence time would be sensitive to fluctuations
in the amplitude of the dressing field. This sensitivity
could be strongly reduced by the use of a second dress-
ing field at frequency Ω0 [34].
Dynamical MAGIC combined with dressed states
works with a non-zero dynamic magnetic field and can,
therefore, as well be realized with a dynamic gradient
along the axial direction of an ion string where each ion
is exposed to a different non-zero dynamic field. Because
4the axial eigenmodes are characterized by a lower fre-
quency than the radial modes, and the coupling between
internal and motional states,  ∝ 1/ν−3/2, such an ar-
rangement enhances this coupling.
In what follows we consider concrete examples for cou-
pling constants that could be achieved experimentally.
Using a dynamic gradient B′ = 35 T/m (as achieved in
previous experiments [13]) and an axial trap frequency
ν1 = 300 kHz, the spin-motion coupling for two
9Be+
ions amounts to εj,1 = 0.05, a magnitude useful for many
experiments, for instance, for conditional quantum gates.
A dynamic gradient B′ = 200 T/m appears realistic in
future experiments leading again to εj,1 ≈ 0.05, now for
an axial trap frequency ν1 = 2pi × 1 MHz.
Dressed states created by a dynamic gradient exhibit
spin-spin coupling as was shown for the Hamiltonian
Eq. (3) that describes spin-spin coupling in a static gradi-
ent. Importantly, a suitable transformation of Hamilto-
nian Eq. (14) reveals such a long range spin-spin coupling
between all pairs of ions exposed to a dynamic gradient
field exactly as given in Eq. (7).
The J coupling constant (proportional to B′2/ν21) in
the presence of a gradient B′ = 200 T/m and with
ν1 = 2pi × 1 MHz amounts to 2pi × 1.5 kHz allowing for
a CNOT gate time of about 170 µs. This in turn gives
a ratio between experimentally achieved coherence times
of dressed states and gate duration of about 3× 104. So
far, N = 2 ions undergoing conditional quantum dynam-
ics in a trapping zone have been considered as a building
block of a scalable device [36]. Trapping N > 2 ions in a
trapping zone and taking advantage of long-range spin-
spin coupling opens new possibilities for quantum simu-
lations with individually addressed spins and for multi-
qubit gates accelerating quantum algorithms [24]. This
long-range spin-spin coupling can be tailored for a spe-
cific purpose by adjusting global and local trapping po-
tentials in ion traps, even while carrying out a simula-
tion or computation [37–39]. Such on-the-fly tailoring
of potentials can be achieved by changing small voltages
applied to segmented trap electrodes.
As shown above, the use of states dressed by a dy-
namic gradient field as qubits removes the experimen-
tally demanding requirement to null the dynamic field at
the position of the ions in order to achieve high-fidelity
gates. In addition, the application of an axial dynamic
gradient leads to stronger coupling between internal and
motional states thus allowing for faster quantum gates.
Also, spin-spin coupling insensitive to vibrational excita-
tion can be used for quantum simulations and quantum
computation. In fact, a non-zero dynamic field can have a
further advantage, since it allows for individual qubit ro-
tations using an RF driving field at frequency Ω0 specific
for each individual ion. Thus, closely spaced, interacting
ions exposed to a dynamic gradient could be individually
addressed [40] in the same way as it was done with a static
field gradient by simply dialing in the appropriate RF fre-
quency for each qubit [12, 14, 20]. Using the parameters
given above (two 9Be+ ions, B′ = 200 T/m, ν1 = 2pi × 1
MHz) we estimate a difference of ∆ω ≈ 2pi × 10 MHz in
the addressing frequency. The probability p to excite ion
A off-resonant with a single-qubit rotation aimed on ion
B is determined by p = Ω2/(Ω2+∆ω2) ≈ 10−4 assuming
a typical resonant Rabi-frequency Ω = 2pi × 100 kHz for
ion B.
The novel concept introduced here – with the features
summarized in the introduction and discussed in more
detail above – should allow for a decisive reduction of ex-
perimental complexity and, at the same time, opens new
perspectives for an RF-based approach to quantum com-
putation and quantum simulations with trapped ions.
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